Abstract. We study finite dimensional Hopf algebra actions on so-called filtered Artin-Schelter regular algebras of dimension n, particularly on those of dimension 2. The first Weyl algebra is an example of such on algebra with n = 2, for instance. Results on the Gorenstein condition and on the global dimension of the corresponding fixed subrings are also provided.
Introduction
The main motivation for this paper (as well as for [CWZ, CKWZ] ) is to classify all finite dimensional Hopf algebras which act on a given algebra R. By understanding the Hopf algebras H which act on R, we can further study other structures related to R, such as the fixed ring R H and the smash product R#H. The prototype of this problem is classical: the classification of finite subgroups G of SL 2 (C) (that act faithfully on the polynomial ring C [u, v] ) prompted the connection between the McKay quiver of G and the geometric features of the plane quotient singularity Spec(C [u, v] G ). In our setting, the algebra R is allowed to be noncommutative and the Hopf algebras are allowed to be noncocommutative. More precisely, we study finite dimensional Hopf algebra actions on filtered Artin-Schelter regular algebras of dimension d. These are filtered algebras whose associated graded algebras are Artin-Schelter regular algebras of global dimension d. Our emphasis will be on the case of dimension 2.
Here, we assume that the base field k is algebraically closed of characteristic zero, unless otherwise stated. Examples of filtered Artin-Schelter regular algebras of dimension 2 include the first Weyl algebra A 1 (k) = k u, v /(vu−uv−1), quantum Weyl algebras k u, v /(vu − quv − 1) for some q ∈ k × , and other deformations of Artin-Schelter regular algebras of dimension 2.
The invariant theory of A 1 (k) by finite groups is already interesting. For example, the fixed subrings of A 1 (k) by finite groups actions are completely classified and studied by Alev-Hodges-Velez in [AHV] . Thus, it is natural to ask if there are any non-trivial finite dimensional Hopf algebra (H-) actions on the first Weyl algebra. By a "non-trivial" H-action, we mean that H is neither commutative nor cocommutative Hopf algebra (or neither a dual of a group algebra nor group algebra, respectively). We give a negative answer to this question in Theorem 0.1 below.
Recall that a left H-module M is called inner-faithful if IM = 0 for any nonzero Hopf ideal I of H. Let N be a right H-comodule with comodule structure map ρ : N → N ⊗ H, We say that this coaction is inner-faithful if ρ(N ) N ⊗ H ′ for any proper Hopf subalgebra H ′ H [CWZ, Definition 1.2] . We say that a Hopf algebra H (co)acts on an algebra R if R is a left H-(co)module algebra. Moreover, if the H-(co)module R is inner-faithful, then we say that H (co)acts on R innerfaithfully.
Theorem 0.1. Let R be a non-PI filtered Artin-Schelter regular algebra of dimension 2 and let H be a finite dimensional Hopf algebra acting on R inner-faithfully. If the H-action preserves the filtration of R, then H is a group algebra.
In particular, if R is the first Weyl algebra A 1 (k), then H is a group algebra.
Theorem 0.1 can be viewed as an extension of [CWZ, Theorem 5.10 ] from the non-PI graded case to the non-PI filtered case. Most results in this work concern actions on non-PI AS regular algebras. In particular, combining Theorem 0.1 with [AHV, Proposition, page 84] , one classifies all finite-dimensional Hopf algebras acting inner-faithfully on A 1 (k) with respect to the standard filtration [Corollary 5.7] . Similarly, all finite dimensional Hopf algebras actions on the quantum Weyl algebras k u, v /(vu − quv − 1), for q not a root of unity, are classified [Corollary 5.8(a) ]. On the other hand, if R is PI filtered AS regular, then there are many interesting finite dimensional Hopf algebras (which are not group algebras) which act on R; see Examples 1.4 and 3.4 for instance.
Regarding the higher dimensional Weyl algebras, it is natural to ask the following question.
Question 0.2. Let A n (k) be the n-th Weyl algebra and let H be a finite dimensional Hopf algebra acting on A n (k) inner-faithfully. Is then H a group algebra? If we assume that the H-action is filtration preserving, then the answer is yes if n = 1 [Theorem 0.1] or if H is pointed [Theorem 0.3] .
Theorem 0.3. Let H be a finite dimensional Hopf algebra acting on the n-th Weyl algebra A n (k) inner-faithfully which preserves the standard filtration of A n (k). Then H is semisimple. If, in addition, H is pointed, then H is a group algebra.
In the setting of H-actions on graded algebras, we have the following result of Kirkman-Kuzmanovich-Zhang. Suppose that H is a semisimple finite dimensional Hopf algebra and R is an AS regular algebra. If H acts on R preserving the grading with trivial homological determinant, then the fixed subring R H is AS Gorenstein [KKZ, Theorem 0.1] . We can obtain a filtered analogue of the above by considering the induced H-action on gr F R.
Theorem 0.4. Let R be a filtered AS regular algebra of dimension 2 and let H be a semisimple Hopf algebra acting on R. If the H-action is not graded and it preserves the filtration of R, then the fixed subring R H is filtered AS Gorenstein.
Note that if R is a graded H-module algebra, the fixed ring R H can fail to be AS Gorenstein. This is well known if R = k [u, v] by the existence of non-Gorenstein quotient singularities. See also [JiZ, Proposition 6.5(2) ] for a noncommutative example.
On the other hand, we also study the regularity of fixed rings when H is not necessarily semisimple. In the graded case, [CKWZ, Proposition 0.7] states that if R is graded AS regular of global dimension 2, and the H-action on R has trivial homological determinant, then R H is never AS regular provided that H = k. Therefore, the following result is quite surprising.
Theorem 0.5. Let R be a non-PI filtered AS regular algebra of dimension 2 and let H be a finite dimensional Hopf algebra acting inner-faithfully on R. If the Haction on R is not graded and preserves the filtration on R, then the fixed subring R H has global dimension 1 or 2.
This result is well-known when R is the first Weyl algebra A 1 (k) as the corresponding fixed subrings are all hereditary [AHV] . On the other hand, it would be interesting to prove versions of Theorems 0.4 and 0.5 in the higher dimensional case.
Remark 0.6. Suppose that H is semisimple and A n (k)#H is simple. Then by [Mo, Corollary 4.5 .5], we have a Morita equivalence between A n (k) H and A n (k)#H. As a consequence, gldim
Moreover, observe that since R is non-PI in Theorem 0.5, there are no non-trivial Hopf actions on R by Theorem 0.1.
The paper is organized as follows. We define basic terminology and we also discuss certain properties of Hopf actions on filtered algebras in Section 1. In Section 2, we make several initial computations on the structure of a Hopf algebra H and a filtered AS regular algebra R of dimension 2, particularly when the H-(co)action on R is so-called proper. We provide preliminary results about the fixed subring R H in Section 3, and we also prove Theorem 0.4 here. The proof of Theorem 0.3 is presented in Section 4. In Section 5, we prove Theorem 0.1 and we use it to classify Hopf actions on non-PI filtered AS regular algebras of dimension 2. Finally in Section 6, we prove Theorem 0.5 with use of Galois extensions.
Definitions
In this work, we study Hopf actions on filtered algebras whose associated graded algebras are Artin-Schelter (AS) regular algebras of global dimension 2. We refer to [CWZ, Definition 1.1] for the definition of AS regular algebras in general, but in global dimension 2 (and generated in degree 1), we have that such algebras are isomorphic to either:
For filtered algebras, we have the following definition. (a) R is generated by a finite dimensional subspace U with 1 ∈ U , and (b) for F n = (k1 + U ) n , the associated graded ring
is an AS regular algebra of global dimension d (respectively, is an AS Gorenstein algebra).
We define below actions of Hopf algebras on filtered regular algebras, and in particular, actions that are so-called proper. Notation 1.2. We denote by R a filtered AS regular algebra of dimension d. If d = 2, then the generating vector space U has dimension 2 and we use {u, v} for its basis. Unless otherwise stated, H and K are finite dimensional Hopf algebras. Here, the Hopf algebras have Hopf structure denoted by the standard notation H = (H, m, ∆, u, ǫ, S). Moreover, for the following definition, we denote the left H-action on R by · : H ⊗ R → R, and right K-coaction on R by ρ : R → R ⊗ K.
Since R is a filtered algebra, we require Hopf actions (or Hopf coactions) to preserve the given filtration of R. We give only the following definitions for Hopf actions, but similar definitions can be made for Hopf coactions with the obvious changes. Definition 1.3. We say a Hopf algebra H acts on a filtered algebra R if (a) R is a left H-module algebra, and (b) k1 + U is a left H-module.
We say the H-action on R is proper if, further, (c) there is a choice of U as in Definition 1.1 such that U is a left H-module.
Let us provide an example of a non-proper Hopf coaction on a PI filtered AS regular algebra. Example 1.4. Let R be the quantum Weyl algebra k u, v /(vu+uv−1) (where the parameter q equals −1), and let K be the Sweedler's non-semisimple 4-dimensional Hopf algebra k g, f /(f g + gf, g 2 − 1, f 2 ). Here, g is grouplike and f is (1, g)-primitive, to say,
Then, K coacts on R inner-faithfully. We show that the induced K * = H-action is not proper, hence the K-coaction above is not proper.
Let e 1 , e g , e f , e gf denote the dual basis of H. Then γ := e 1 − e g and δ := e f − e gf generate H as an algebra. Moreover γ · 1 = 1, γ · u = −u, γ · v = −v and δ · 1 = δ · u = 0, δ · v = 1. By linear algebra, there is no 2-dimensional δ-invariant subspace of F 1 = k1 ⊕ kv ⊕ ku not containing 1. So the H-action is not proper.
We require (co)actions that are 'faithful' in our setting. We refer to [CWZ, Section 1] for a discussion of inner-faithful Hopf (co)actions, and we repeat some of these results here. We also work with Hopf actions that are not graded as in the following definitions. Definition 1.6. Let R be a filtered AS regular of dimension d and let H act on R.
(a) We say that R is not graded if R is not isomorphic to gr F R for any choice of U in Definition 1.1. (b) We say that the H-action is not graded, if for any choice of U in Definition 1.3, R is not isomorphic to gr F R as left H-module algebras.
Next, we recall the definition of the homological determinant of an H-action on a graded algebra A. Definition 1.7. [KKZ, Definitions 3.3 and 6 .2] Let A be a noetherian connected graded AS Gorenstein algebra and let H be a finite dimensional Hopf algebra acting on A that preserves the grading of A. Let e denote the lowest degree nonzero homogeneous component of the d-th local cohomology
(1) The composite map η • S : H → k is called the homological determinant of the H-action on A, denoted by hdet H A. (2) We say that hdet H A is trivial if hdet H A = ǫ, where ǫ is the counit of H.
Dually, if a finite dimensional Hopf algebra K coacts on A from the right, then K coacts on ke and ρ(e) = e ⊗ D −1
for some grouplike element D in K.
(3) The homological codeterminant of the K-coaction on A is defined to be hcodet K A = D.
(4) We say that hcodet K is trivial if hcodet K = 1 K .
Initial analysis
In this section, we compute the structure of the pair (H, R) for R a filtered AS regular algebra of dimension 2 and H a finite dimensional Hopf algebra so that H acts on R under various conditions. We do this particularly when the H-action on R is proper [Lemma 2.8, Remark 2.9, Corollary 2.10]. Moreover, we end this section by showing that if the associated graded algebra of a certain filtered AS regular algebra R of dimension 2 is PI, then so is R [Lemma 2.11].
Notation 2.1. Let H be a Hopf algebra. Denote by G := G(H) the set of grouplike elements in H, and let kG be the corresponding group algebra, which is a Hopf subalgebra of H. For g ∈ G, denote by η g (h) the element g −1 hg for any h ∈ H.
. Let U n be the set of primitive n-th roots of unity for n ≥ 2, and put U := n≥2 U n .
Consider the following preliminary results.
Lemma 2.2. Let H be a finite dimensional Hopf algebra and
Proof. Take a nonzero basis element t of T . Now ρ(t) = t⊗g, and by coassociativity,
Hence, ∆(g) = g ⊗ g.
Lemma 2.3. Let H be a finite dimensional Hopf algebra, and g, h ∈ G. Suppose that f is a (1, g)-primitive element not in kG. Then, the following statements hold.
(a) We have that g = 1 and there is no nonzero primitive element in H.
Proof. (a) Suppose that g = 1. Then f is a primitive element and the Hopf subalgebra generated by f is infinite dimensional. This yields a contradiction. Therefore, g = 1.
(b) First, by induction we have that η
where m is the order of h. Since f ∈ kG, we obtain that q m = 1. (c) By part (b), it suffices to show that q = 1. Suppose that q = 1 and that
Since g = 1 by part (a) and m > 0, we have α = 0. This implies [g, f ] = 0, so the sub-Hopf algebra S generated by f, g is commutative. In particular, S is cosemisimple. Since char(k) = 0, we have S is also semisimple. Now S is generated by a grouplike element and a skew primitive element, so it is pointed. Therefore S is a group algebra which contradicts f ∈ kG. Hence, q = 1.
We impose the following hypotheses for the next several results.
Hypothesis 2.4. Let R be a filtered AS regular algebra of dimension 2, and let F = {F n | n 0} be the filtration of R given in Definition 1.1. Let H be a finite dimensional Hopf algebra that acts on R inner-faithfully such that the Haction preserves the filtration of R. Moreover, we assume that the H-action on R is proper and not graded. Now, we prove several preliminary results that we use throughout this paper.
Lemma 2.5. Let R and H be as in Hypothesis 2.4. Then the relation r of R is of the form
where {u, v} is a suitable basis of U and where q ∈ k × , λ = 0 or 1, and a, b, c ∈ k.
Proof. The relation of gr F R is of the form vu − quv − λu 2 , so the assertion follows.
Lemma 2.6. Let R and H be as in Hypothesis 2.4, and r be the relation of
Proof. We can view the relation r in Lemma 2.5 as an element of U ⊗2 ⊕ U ⊕ k ⊂ k U . Since kr is a 1-dimensional H-module, the image of kr under the projection map π :
If (a, b) = (0, 0), then the following result discusses the structure of R and the homological determinant of the H-action on gr F R. Proof. Since H-action is not graded, if a = b = 0, then c = 0. Since kr is a 1-dimensional H-module, for each h ∈ H, the equation
By [CKWZ, Theorem 2.1], the homological determinant of the H-action on gr F R is now trivial as desired.
On the other hand, if (a, b) = (0, 0), then we have the following result. (a) U is a direct sum of two 1-dimensional H-modules: 
Proof. (a) We work with the coaction of K := H • instead of the action of H. Suppose to the contrary that U is indecomposable. We will show that in this case the K-coaction ρ : R → R ⊗ K on R is graded, thus producing a contradiction.
Since (a, b) = (0, 0), by Lemma 2.6, the K-comodule U is not simple. So there is a non-split exact sequence of K-comodules
where
We claim that g 1 , g 2 are grouplike and h is (g 1 , g 2 )-primitive. Applying the coassociativity equation (ρ ⊗ 1)ρ = (1 ⊗ ∆)ρ to (E2.7.1) gives
The claim then follows by comparing coefficients. With respect to this basis {u, v} of U , write the relation r of R as r = a 11 u 2 + a 12 uv + a 21 vu + a 22 v 2 + au + bv + c.
for some scalars a ij , a, b, c ∈ k. A simple calculation shows that
Since ρ (r) = r⊗g for some grouplike element g by Lemma 2.2, we have the following equations
2 −a 12 g 1 ) ∈ kG, which again is a contradiction. Hence we have b = a 22 = 0. By hypothesis a = 0, so by (E2.7.6) we have g = g 1 .
If a 12 = 0 or a 21 = 0, then gr F R fails to be a domain. Therefore a 12 a 21 = 0, hence by (E2.7.3), we have that g = g 1 g 2 . Since g = g 1 , we conclude g 2 = 1. Now if c = 0, then by (E2.7.8) we have g = 1, so g 1 = 1. Thus h is a primitive element, which contradicts finite dimensionality of K [Lemma 2.3(a)]. Hence c = 0.
Since a 21 = 0, without loss of generality, we can take a 21 = 1. Moreover, write r = vu − quv − λu 2 + au with a 11 = −λ and a 12 = −q. Now (E2.7.2) yields
Since h is (g 1 , 1)-primitive, by Lemma 2.3(c), we have that q = 1 or h ∈ kG. In the latter case, K ∼ = kG, which yields a contradiction, so U is decomposable. On the other hand, if q = 1, let
Thus, the K-coaction on R is graded when using the basis {u, v ′ }. This contradicts the hypothesis, so again U is decomposable.
(b,c) By part (a), we have an isomorphism
and by the argument after (E2.7.1), the elements g 1 , g 2 are grouplike. Note that (E2.7.2)-(E2.7.8) hold and h = 0 in this case. Since (a, b) = (0, 0) we can assume, by symmetry, that a = 0. Then, g = g 1 by (E2.7.6). Since gr F R is a domain, either a 11 , or a 12 , or a 21 is nonzero. So one of the equations (E2.7.2)-(E2.7.4) implies that g 1 = 1 or g 2 = 1. Since K-coaction on R is innerfaithful, we see that K is generated by a single grouplike element. So K ≃ kC m for some m ≥ 2.
(d,e) Since a, b are not both zero, we may assume b = 0 by symmetry, which implies that g = g 2 by (E2.7.7). Recall that h = 0 in this case. By part (b), we have either g 2 = 1 or g 1 = 1. So we have two cases to consider:
Case 1: g = g 2 = 1 and g 1 = 1. By (E2.7.2)-(E2.7.8), we have that a 12 = a 21 = a = 0. So we have that r = a 11 u 2 + a 22 v 2 + bv + c. Replacing v with a change of variables, we can make a = b = 0. This contradicts the hypothesis.
Case 2: g = g 2 = 1 and g 1 = 1. By (E2.7.2)-(E2.7.8), we have a 11 = a 22 = a = c = 0. Up to scaling,
Since g 1 = 1, then K coacts on the new relation and whence the K-coaction on R is graded, yielding a contradiction. Therefore q = 1, and the assertion in (d) follows.
Since g 1 = 1, ρ(r) = r ⊗ g 2 . This means that hcodet K gr F R = g 2 = 1. Hence, part (e) follows.
Remark 2.9. Suppose H acts on the filtered algebra R = k u, v /(r + s) where r ∈ F 2 and s ∈ F 1 . Then by Lemmas 2.7 and 2.8(e), the induced H-action on gr F R has trivial homological determinant if and only if s ∈ k. In this case, an H-action on gr F R lifts uniquely to an H-action of R, so there is a bijective correspondence between H-actions on R and H-actions on gr F R with trivial homological determinant.
Moreover, as a result of Lemma 2.8, we can classify the relations of R so that H acts on R under Hypothesis 2.4. 
Proof. Apply Lemma 2.7 and Lemma 2.8(d,e).
Now we turn our attention to PI algebras (algebras that satisfy a polynomial identity). The following result provides a sufficient condition for a filtered AS regular algebra of dimension 2 to be PI.
Lemma 2.11. Let R be a filtered AS regular algebra of dimension 2 with relation r = a 11 u 2 +a 12 uv +a 21 vu+au+bv +c for a ij , a, b, c ∈ k. Suppose that a 12 +a 21 = 0 and gr F R is PI. Then R is PI. Equivalently, if R is not PI, then either gr F R is not PI or gr F R is commutative.
Proof. Since gr F R is a domain, we have a 12 a 21 = 0. So we may assume a 21 = 1 and a 12 = −q = 0. By the first hypothesis, we have that q = 1. By replacing v by v − a 11 (1 − q) −1 u we can assume a 11 = 0, so r = vu − quv + au + bv + c. Now by replacing u with u − b (1 − q) −1 and v with v − a (1 − q) −1 , we can assume that r = vu − quv + c. Since gr F R is PI, we see that q is an n-th root of unity for n 2. Therefore u n and v n are central, so R is module finite over its center. Hence, R is PI. Now if R is not PI, we just showed that gr F R is not PI or a 12 + a 21 = 0, with a 12 , a 21 = 0. Thus if gr F R is PI, it is isomorphic to k u, v /(r λ ) where r λ = vu − uv + λu 2 for some λ ∈ k. For all λ = 0, the algebra k u, v /(r λ ) is isomorphic to the Jordan plane, which is not PI. This shows that λ = 0, so gr F R is commutative. In this section, we provide several results about the fixed ring R H corresponding to a finite dimensional Hopf algebra H acting on a filtered AS-regular algebra R. In particular, we prove Theorem 0.4 and a weakened version of Theorem 0.5 (see Proposition 3.3 and the material after). We end the section by computing examples of fixed rings of Hopf actions on PI algebras [Example 3.4] .
Given any algebra A that is not necessarily filtered AS regular, suppose that a Hopf algebra H acts on A. Then the fixed subring of the H-action is defined to be
Now let A be a filtered algebra with a nonnegative exhaustive filtration {F n A} n 0 . For any x ∈ F i A, we use x (or x i ) for the corresponding image of x in
For each h ∈ H, and for each homogeneous element x ∈ A i where x ∈ F i A is any lift of x, define
It is possible that h · x ∈ F i−1 A, but we want to consider the image of h · x in A i . It is easy to check that H acts on gr F A so that gr F A is a left H-module algebra. We record this without proof as part (a) of the following lemma.
Lemma 3.1. Let A be a filtered algebra with filtration {F n A} n 0 . Suppose that H acts on A such that each F n A is a left H-module. Then, the following statements hold.
(a) H acts on gr F A naturally.
Since H is semisimple, we may choose a left integral element ∈ H with ǫ( ) = 1. Moreover, a left trace function tr : A → A H , defined by a → ·a, is surjective as H is semisimple. Hence, A H = ·A. For every nonzero homogeneous element x ∈ (gr F A) H ⊂ gr F A of degree i,
This means that x − ·x in F i−1 A. So we may replace x by ·x and assume that x ∈ A H . Therefore, x is in gr F ′ (A H ).
Part (c) of the lemma above need not hold if H is not semisimple; we illustrate this in the following example. We also provide an example of an inner-faithful H-action on an algebra A so that the induced action on gr F A is not inner-faithful.
Example 3.2. Here, we do not assume that k is of characteristic zero. Let H be Sweedler's 4-dimensional Hopf algebra k g, f /(f g + gf, g 2 − 1, f 2 ). (See Example 1.4 for the coalgebra structure and antipode of H.) Let A = k[u] and define a left H-action on A by f · u = 1 and g · u = −u.
It is easy to check that A is a left H-module algebra. The following statements are also easy to check.
(a) The H-action on A is not proper.
(c) By induction, we have that
Likewise for g, we see that the H-action on gr F A is determined by f · u = 0 and g · u = −u. As a consequence, the H-action on gr F A is not inner-faithful.
Next, we prove weakened versions of Theorems 0.4 and 0.5.
Proposition 3.3. Let H be a semisimple Hopf algebra that acts on a filtered AS regular algebra R of dimension 2, inner-faithfully and preserving filtration, with the H-action not graded. Note that the H-action on R is proper by Lemma 1.5(a). If the homological determinant of the H-action of gr F R is not trivial, then R H has global dimension 2.
Proof. Since the homological determinant of the H-action on gr F R is not trivial, (a, b) = (0, 0) by Lemma 2.7. Now by Lemma 2.8(c,d), the relation of R is of the form r = vu − uv − v, the Hopf algebra is H = kC m = k h , and the action of H on R is given by h · u = u, h · v = ξv for some primitive m-th root of unity ξ. It is easy to see that the fixed subring R
So R H has global dimension 2, since it is isomorphic to the Ore extension Proof of Theorem 0.4. Since H is semisimple, the H-action on R is proper by Lemma 1.5(a). If the homological determinant of the H-action on gr F R is not trivial, then the assertion follows from Proposition 3.3. If the homological determinant of the H-action on gr F R is trivial, then by [KKZ, Theorem 0 Example 3.4. Let R be the algebra k u, v /(u 2 + v 2 − 1). We will consider two different Hopf actions on R, and compute the corresponding fixed subrings R H . Note that gr F R is AS regular, and the following actions of H on R are filtered AS regular actions.
(1) Let H 8 be the (unique) 8-dimensional noncommutative and noncocommutative semisimple Hopf algebra. It is generated as an algebra by x, y, z and subject to the relations:
The coalgebra structure and antipode of H 8 is determined by
Consider the H 8 -action on R is is given by
It is not hard to check that the fixed subring R H8 is a commutative ring which is
H8 is Gorenstein by Theorem 0.4. Moreover, R H8 has isolated singularities at (a, b, c) = (0, 1 4 , 0) and (± √ −1/2, 0, 0). These are Kleinian singularities both of type A 1 .
(2) Let H = (kD 2n )
• where D 2n is the dihedral group of order 2n. Since the H-action is equivalent to the H
• -coaction, we will consider the kD 2n -coaction on R.
By definition, D 2n = x, y|x 2 = y 2 = (xy) n = 1 . Define a comodule structure map ρ : R −→ R ⊗ kD 2n by ρ(u) = u ⊗ x and ρ(v) = v ⊗ y.
By a simple calculation, the fixed subring R H = R co(kD2n) is a commutative ring isomorphic to k[a, b, c]/(bc − a n (1 − a) n ) generated by a = u 2 , b = (uv) n and c = (vu) n . By Theorem 0.4, R H is Gorenstein. If n 2, then R H has isolated singularities at (a, b, c) = (0, 0, 0) and (1, 0, 0). These are also Kleinian singularities both of type A n−1 .
The proof of Theorem 0.3
This section is dedicated to the proof of Theorem 0.3. First, we introduce some notation and we provide some preliminary results.
Let F = {F n A} n 0 denote a filtration of A. The Rees ring of A with respect to F is defined to be
We begin by analyzing the Rees ring of the n-th Weyl algebra A n (k) with respect to the standard filtration. Here, A n (k) is generated by u 1 , . . . , u n , v 1 , . . . , v n subject to relations
Moreover, we refer to [CWZ, Definition 1.7] for the definition of the Calabi-Yau property in terms of Nakayama automorphisms.
Lemma 4.1. Let A n (k) be the n-th Weyl algebra with the standard filtration F . Then the following statements regarding B := Rees F A n (k) hold.
(a) B is generated by u 1 , . . . , u n , v 1 , . . . , v n , t subject to the relations:
Proof. (a,b) These are well-known. (c,d) Note that the Koszul dual B ! of B is generated by the k-linear dual of the standard basis, subject to the relations
for all 1 ≤ i, j ≤ n. Hence, B ! is isomorphic to the exterior algebra
as a graded vector space. In particular, e := v *
n t * is a nonzero element in the highest degree of B ! (degree = 2n + 1). Using the relations (u *
It is easy to check that ab = ba if a ∈ B ! has degree 1 and b ∈ B ! has degree 2n. Therefore, the Nakayama automorphism of B ! is the identity; refer to [CWZ, Section 3] . By [BM, Theorem 6.3] , the Nakayama automorphism of B is the identity. Now B is Calabi-Yau by definition.
(e) This follows by a direct computation.
The following lemma is clear, so we omit the proof. 
Here, the K-comodule structure map is denoted by ρ : B ! → K ⊗ B ! . We now define an algebraB ! that will aid in the study of the K-coaction on B ! . Let Λ = Λ (z 1 , . . . , z 2n ) denote the exterior algebra in 2n variables and definẽ B ! = Λ [y; σ], where σ (z i ) = −z i for all i = 1, · · · , 2n. By recalling the presentation of B ! from the proof of Lemma 4.1(c), we see that there is a k-algebra isomorphism
For convenience, we also use z 1 , · · · , z 2n and y as the corresponding generators for both B ! andB ! .
Proof. Since 1⊗y and s skew-commute, we have (1⊗y +s) 2 = 1⊗y 2 +s 2 . Moreover, 1 ⊗ y 2 and s 2 commute, so we can use the usual binomial theorem to get
Since s ∈ K ⊗ Λ and Λ is the exterior algebra, the formula follows by expanding s 2j in the algebra K ⊗ Λ. Let c ∈ K, then left multiplication by c defines a k-vector space endomorphism µ c : K −→ K. We define tr (c) to be the trace of µ c as an element of End k (K).
where p ∈ K with tr (p) = 0.
Proof. Working with algebras Λ ⊂ B ! , we have
for some λ i1···i2j ∈ k. So by the previous lemma, we have that
For j = 0, the above expression is 1 ⊗ y
The above is zero since char(k) = 2. This shows that ρ (y) 2n = (1 + p) ⊗ y 2n where tr (p) = 0. Finally, note that y 2n z i = z i y 2n = 0, so
This completes the proof. Now we are ready to prove Theorem 0.3.
Proof of Theorem 0.3. Let B := Rees F A n (k), and let B ! denote the Koszul dual of B. Since B is Calabi-Yau [Lemma 4.1(c)], it suffices to show that the homological determinant of the left H-action on B is trivial [CWZ, Theorem 0.6] . Equivalently, we show that the left K = H
• -coaction on B ! has trivial homological codeterminant. Note that since H acts on A n (k) preserving the filtration, H acts on B innerfaithfully. So K coacts on B inner-faithfully. Hence, K coacts on B ! inner-faithfully [CWZ, Proposition 2.5(c)]. Let ρ denote the K-coaction on B ! . Note that T := kt is a trivial K-sub-comodule of W = kt ⊕ n i=1 (ku i ⊕ kv i ) by Lemma 4.2(b). We have a K-comodule map π : W * −→ T * which sends u * i and v * i to zero. Since T * is also a trivial K-comodule, that is (1 ⊗ π) ρ (t * ) = 1 ⊗ π (t * ), we have that
for some a i , b i ∈ K. By Lemma 4.3, we have
where tr(p) = 0. By definition, the homological codeterminant D of the K-coaction on B ! is 1 + p. Moreover, D is a grouplike element. Since K is finite dimensional, D also has finite order. Now tr(p) = 0 implies that tr(D) = tr(1) = dim K. Since D has finite order, we have that D = 1. Therefore the K-coaction on B has trivial homological codeterminant. Dually, the H-action on B has trivial homological determinant as desired. Thus, H = K
• is semisimple. Since char k = 0, H is also cosemisimple, that is, H equals its coradical H 0 . If H is pointed, then H 0 = kG(H). Hence, H is a group algebra.
The proof of Theorem 0.1 and consequences
We return to the study of Hopf algebra actions on filtered AS regular algebras R of dimension 2. In this section, we prove Theorem 0.1, and as a consequence, we classify the possible Hopf algebra actions when R is non-PI.
Note that if R is a non-PI filtered AS regular algebra of dimension 2, then it follows from Lemma 2.11 that the associated graded ring gr F R is either non-PI or commutative. We provide preliminary results for these cases separately.
We have the following setup. Let K be a finite dimensional Hopf algebra coacting on a non-PI filtered AS regular algebra R. Let ρ denote the coaction and R ≃ k u, v / (r). Since ρ preserves the filtration, we can write
for some e ij , f j ∈ K, i, j = 1, 2. Using coassociativity of the coaction, we have
ǫ(e ij ) = δ ij and ǫ(f i ) = 0. (E5.0.6) 5.1. gr F R is non-PI. We need the following well-known lemma. Proof. Let K ′ be the Hopf subalgebra of K generated by {e ij } 2 i,j=1 . Then by definition K ′ coacts on gr F R inner-faithfully. Since the K ′ -coaction on gr F R is inner-faithful, by [CWZ, Theorem 5 .10], we have that K ′ is the dual of a finite group algebra. By Lemma 5.1, the coaction ρ ′ is diagonal with respect to {u, v} where gr F R = k q [u, v] for k J [u, v] . Hence we can write ρ (u) = u ⊗ e 11 + 1 ⊗ f 1 and ρ (v) = v ⊗ e 22 + 1 ⊗ f 2 where e ii is grouplike (by Lemma 2.2) and f i is (1, e ii )-primitive for i = 1, 2.
Suppose that gr F R = k u, v / (vu − quv). Then the relation r of R is of the form r = vu − quv + au + bv + c. Note that ρ (r) = r ⊗ g for some grouplike element g. So, we have that ρ (r) = vu ⊗ e 22 e 11 − quv ⊗ e 11 e 22 + u ⊗ (f 2 e 11 − qe 11 f 2 + ae 11 ) + v ⊗ (e 22 f 1 − qf 1 e 22 + be 22 ) + 1 ⊗ (f 2 f 1 − qf 1 f 2 + af 1 + bf 2 + c)
By comparing the coefficients of u, we have that ag = f 2 e 11 − qe 11 f 2 + ae 11 . In particular, η e11 (f 2 ) − qf 2 ∈ kG(K). Since q ∈ U ∪ {1}, by Lemma 2.3(b), we have that f 2 ∈ kG(K). Similarly f 1 ∈ kG(K), hence K is a group algebra.
Finally, by comparing coefficients of vu and uv, we get e 22 e 11 = g and −qg = −qe 11 e 22 , so [e 11 , e 22 ] = 0. Since f i ∈ kG(K) is (1, e ii )-primitive we have f i ∈ k (1 − e ii ) for i = 1, 2. Hence K is commutative and generated by grouplike elements e 11 and e 22 . Therefore, H = K
• is a commutative group algebra. Now suppose gr F R = k u, v / vu − uv − u 2 . Then r = vu−uv−u 2 +au+bv+c. We have Rearranging equation (E5.2.2) gives η e22 (f 1 ) − f 1 ∈ kG(K), so by Lemma 2.3(c) we have that f 1 ∈ kG(K). Now we can rearrange (E5.2.1) to give η e11 (f 2 ) − f 2 ∈ kG(K), so similarly f 2 ∈ kG(K). Now f i is (1, e ii )-primitive, so f i ∈ k(1 − e ii ) for i = 1, 2. Since e 11 = e 22 , we see that K is generated by a single grouplike element, so K = kC m . Consequently, H is a commutative group algebra.
5.2. gr F R is commutative. Now we study the case where gr
Lemma 5.3. If R is non-PI and gr F R is isomorphic to k [u, v] , then R is isomorphic to either
Proof. Since gr F R ∼ = k [u, v] , the relation r of R is of the form r = vu − uv + au + bv + c. Proof. Consider the following computation: 
Since ρ(r) = r ⊗ g for some grouplike element g by Lemma 2.2, we have that 0 = e 12 e 11 − e 11 e 12 , 0 = f 2 e 11 + e 12 f 1 − e 11 f 2 − f 1 e 12 − e 12 , g = e 11 e 22 − e 12 e 21 , g = −f 2 e 21 − e 22 f 1 + e 21 f 2 + f 1 e 22 + e 22 , g = e 22 e 11 − e 21 e 12 , 0 = f 2 f 1 − f 1 f 2 − f 2 , 0 = e 22 e 21 − e 21 e 22 .
Here, the four equations in the left column are given as 
Consider the seven relations above. By applying the antipode to the four equations in the left column above, and by using appropriate substitutions from the first two equations in the right column above, we obtain that
Let η g be the conjugation a → g −1 ag. Since η g •S 2 (f 2 ) = e 12 +f 2 and η g •S 2 (e 12 ) = e 12 , we have that (η g • S 2 ) n (f 2 ) = f 2 + ne 12 . Since K is finite dimensional, both η g and S 2 have finite order. Now there exists m 1 such that (η g • S 2 ) m = Id K . Thus me 12 = 0 and e 12 = 0 as claimed.
On the other hand, we have that (η g • S 2 ) n (f 1 ) = f 1 + n(e 11 − 1). A similar argument shows that e 11 = 1.
As a consequence, e 22 is grouplike and e 21 is (e 22 , 1)-primitive. Since e 22 e 21 = e 21 e 22 , we have that η e22 (e 21 ) − e 21 = 0. Lemma 2.3(c) implies that e −1 22 e 21 ∈ kG. Therefore, e 21 = c(1 − e 22 ) for some c ∈ k. Replacing v by v + cu, we have e 21 = 0. Proof. By Lemma 5.4, we may assume that e 12 = e 21 = 0 and e 11 = 1. Since e 11 = 1, f 1 is a primitive element, so f 1 = 0 [Lemma 2.3(a)]. Therefore we have that
Since ρ (r) = r ⊗ g for some grouplike element g by Lemma 2.2, we have g = e 22 and f 2 = 0. Hence, K is generated by e 22 , which is a commutative group algebra.
5.3. Proof of Theorem 0.1. Here, we prove Theorem 0.1 and list an immediate consequence afterward.
Proof of Theorem 0.1. If R is non-PI, then gr F R is non-PI or gr F R ∼ = k [u, v] . If gr F R is non-PI, then the conclusion follows from Lemma 5.2. If gr
In the first case, the conclusion follows from Lemma 5.5. We see that in each case (where R ∼ = A 1 (k)), K (and H) is a commutative group algebra. Finally assume that R = A 1 (k). By Theorem 0.3, H is semisimple. Therefore the Haction is proper [Lemma 1.5(a)]. By Lemma 1.5(b,c), the induced H-action on gr F R is inner-faithful. Since gr F R ∼ = k [u, v] , H is a group algebra by [CWZ, Proposition 0.7] .
Corollary 5.6. Let R be a filtered AS regular algebra of dimension 2. Suppose the H-action on R is inner-faithful and preserves the filtration of R. If the H-action on R is non-proper, then R is PI.
5.4.
Additional consequences of Theorem 0.1. In the rest of this section, we give more information about H-actions on filtered AS regular algebras R of dimension 2 which are non-PI. Note that Theorem 0.1 does not provide any information about which groups occur in the case where R ∼ = A 1 (k). Fortunately, this has been done in [AHV, Proposition on page 84].
Corollary 5.7. Let k = C and let H be a finite dimensional Hopf algebra acting on A 1 (C) inner-faithfully. Then H = kG where G is a finite subgroup of SL 2 (C), which is conjugate to one of the following special subgroups:
(1) a cyclic group of order n, (2) a binary dihedral group of order 4n, (3) a binary tetrahedral group of order 24, (4) a binary octahedral group of order 48, or (5) a binary icosahedral group of order 120.
The following result classifies the H-module algebra structures on filtered ASregular algebras of dimension 2 which are non-PI. The following is well-known after we have shown that H is a group algebra. Proof. By Theorem 0.1, H = kG for some finite group G. As a consequence, the H-action is proper by Lemma 1.5(a). By hypothesis, the H-action on R is not graded. By Corollary 2.10, R ∼ = k u, v /(r) where r has the form:
(a) r = vu − quv − 1, (b) r = vu − uv − v, or (c) r = vu − uv − u 2 − 1.
Case (a): Since R is not PI, q is either 1 or not a root of unity by Lemma 2.11. If q = 1, R ∼ = A 1 (k), which is excluded by hypothesis. Then, q is not a root of unity. It is easy to check that every filtered algebra automorphism σ of R is of the form σ(u) = ξu, σ(v) = ξ −1 v for some primitive m-th root of unity ξ. Case (b): See the proof of Lemma 5.5. Case (c): The assertion can be proved similarly and is omitted.
6. Galois extensions and the proof of Theorem 0.5
The goal of this section is to prove Theorem 0.5 via the use of Galois extensions. is surjective.
The following lemmas are well-known. Lemma 6.4 is a consequence of Lemma 6.2. We use the convention that K := H
• , for H a finite dimensional Hopf algebra.
(b) If r = vu − uv − 1, then R is the Weyl algebra A 1 (k). By Theorem 0.1, H is a group algebra kG for a finite group G. By Lemma 2.7, the homological determinant of the H-action on gr F R is trivial. This means that G ⊂ SL 2 (k). Then classical results imply that A 1 (k)
G is simple and has global dimension 1 [AHV, page 83] . Since A 1 (k) is simple and since G is finite and does not contain any nontrivial inner automorphisms, it is well known that A 1 (k)#G ∼ = End(A 1 (k) A1(k) G ). Moreover as Lemma 6.2(b) holds, we have that A 1 (k) G ⊂ A 1 (k) is (kG)
• -Galois by Lemma 6.2(a).
Note that R 1 is generated by u and v m−1 , and that R m−1 is generated by u Using the relation vu = quv + 1, we obtain that, for each m > s 1, v s u s = f s (c) for some polynomial f s (t) ∈ k[t] of degree s. Moreover, cu = u(qc + 1) implies that c n u = u(qc + 1) n , so By induction, we have that
where [i] q = 1 + q + · · · + q i−1 . If the order of q is at least m, then f m−1 (0) ∈ k × . Recall that c = uv ∈ R 1 R m−1 . Since f m−1 (0) = f m−1 (c) − c(g(c)) ∈ R 1 R m−1 for some g(c) ∈ R 0 , we have that 1 ∈ R 1 R m−1 and R 0 = R 1 R m−1 .
For any l 1, we have by induction that R l R m−l ⊇ (R 1 ) l (R m−1 ) l = R 0 . This shows that R is strongly C m -graded. By Lemmas 6.2 and 6.4, R coCm ⊂ R is C mGalois and R coCm is Morita equivalent to R#(kC m ). As a consequence, R coCm has global dimension two by Remark 6.3.
We are now ready to prove Theorem 0.5.
Proof of Theorem 0.5. By Theorem 0.1, H is semisimple. Hence the H-action is proper [Lemma 1.5(a)]. Therefore Hypothesis 2.4 holds. If gr F R ∼ = k [u, v] , the assertion follows from Proposition 6.5. If gr F R ∼ = k [u, v] , then the result follows from Proposition 6.6.
